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Abstract. In this paper we show that the rate of convergence of Wong-Zakai approximations for 
stochastic partial differential equations driven by Wiener processes is essentially the same as the 
rate of convergence of the driving processes W n approximating the Wiener process, provided the 
area processes of W n also converge to those of W with that rate. We consider non-degenerate and 
also degenerate stochastic PDEs with time dependent coefficients. 



1. Introduction 
Consider for each integer n > 1 the stochastic PDE 

(1.1) du n (t, x) = (L n u n (t, x) + f n )dt + (M k u n (t, x) + g k ) dW%(t), 
for (t, x) E H T = (0, T] x M. d , for a fixed T > 0, with initial condition 

(1.2) u„(0,x) = u n0 (x), xER d , 

given on a probability space (ft, J 7 , P), where L n and M k are second and first order differential 
operators in i 6 R d , respectively for every ui E ft. The free terms, /„ and g n = (g k ) are random 
fields, and W n = (W k ) is a continuous di-dimensional stochastic process with finite variation over 
[0,T], for k = l,...,di. 

Unless otherwise stated we use the summation convention with respect to repeated indices through- 
out the paper. The summation convention is not used if the repeated index is the subscript n. 
The operators L n , M k are of the form 

L n = ctf (t, x)D l D j + ai(t, x)Di + a n (t, x), M% = b%(t, x)A + b k n (t, x), 

where off, . . . , 6„ are real- valued bounded functions on O x [0, T] x M. d for all i, j = 1, d, k = 1, d\, 
and integers n > 1, Di = -J^ for i = 1,2, ...,d, and x l is the i-th co-ordinate of x S M. d . The free 
terms, /„, g^,...^ 1 are real-valued functions on £1 x [0,T] x R d for each n. We assume that L n is 
either uniformly elliptic or degenerate elliptic for all n. 

Assume that the operators L n , the free terms /„, g k and the initial data u n o converge to some 
operators 

(1.3) L = a tj {t 1 x)D lJ + a\t,x)D l + a(t,x), M k = b lk (t, x)D l + b k (t, x), 

random fields /, g k and initial data uq respectively, and W n (t) converges to a d\ -dimensional Wiener 
process in probability, uniformly in t G [0, T]. Then under some smoothness conditions on the coeffi- 
cients of L n , L, M k , M k and on the data uo n , /„, g k , u , f, g k , and under some additional conditions 
on the convergence of the related area processes and on the growth of the auxiliary process B n (de- 
fined in (|2.2p and (|2.3j) below), the solution u n to (|1.1|) converges in probability to a random field u 
that satisfies the stochastic PDE 

(1.4) du(t,x) = (Lu(t,x) + f)dt + (M k u(t 1 x) + g k ) odW k (t), (t,x) E H T 
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with initial condition 

(1.5) u(0,x) =u {x), xeR d , 

where 'o' indicates the Stratonovich differential. (See, e.g., [5] and |5].) When M k and g k do not 
depend on the variable t, then 

(M k u(t, x) + g k ) o dW k = \{M k M k u{t, x) + M k g k ) dt + {M k u{t, x) + g k ) dW k . 

One of the important questions in the analysis of approximation schemes is the estimation of the 
speed of convergence. In this paper we show that, if the continuous finite variation processes W n 
and their area processes converge almost surely to a Wiener process W and to its area processes, 
respectively, with a given rate, then u n (t) converges almost surely with essentially the same rate. The 
results of this paper are motivated by a question about robustness of nonlinear filters for partially 
observed processes, (X(t),Y(t))t£[o.T]- For a large class of signal and observation models, the signal 
X and the observation Y are governed by stochastic differential equations with respect to Wiener 
processes, and a basic assumption is that the signal process is a non-degenerate Ito process. Thus 
the signal is modelled by a process, which has infinite (first) variation on any (small) finite interval. 
In practice, however, due to the smoothing effect of measurements, the "signal data" is a process 
which has finite variation on any finite interval. This process can be viewed as an approximation Y n 
to Y , and it is natural to assume that Y n and its area processes converge almost surely in the sup 
norm to Y and its area processes, with some speed. By a direct application of the main theorems of 
the present article one can show that the "robust filtering equation", with Y n in place of Y, admits 
a unique solution p„ which converges almost surely with almost the same order to the conditional 
density of X(t) given the observation {Y(s) : s € [0, £]}. The filtering equations in case of correlated 
signal and observation noise are stochastic PDEs with coefficients depending on the observations. 
Thus approximating the observations we approximate also the differential operators in the stochastic 
PDEs. This is why we consider equation (jl.ip with random operators L n and M k depending also on 
n, the parameter of the approximation. 

Our results improve and generalise the results of |12j and |17j . where only half of the order of 
convergence of W n is obtained for the order of convergence of u n . Moreover, our conditions are 
weaker, and we prove the optimal rate also in the case of degenerate stochastic PDEs, which allows 
to get our rate of convergence result also in the case of degenerate signal and observation models. 

Wong-Zakai approximations of stochastic PDEs were studied intensively in the literature. See, 
for example, pQ- [5], [H]-[I3], EJ-HB], and the references therein. With the exception of g], [H] . 
[T2] and [17] the papers above prove convergence results of Wong-Zakai approximations for stochastic 
PDEs with various generalities, but do not present rate of convergence estimates. Wong-Zakai type 
approximation results for semilinear and fully nonlinear SPDEs arc obtained via rough path approach 
in @-|Z]. 

In g], the initial value problem (|1.1[) - (|1.2[) is considered with non-random coefficients and without 
free terms, when W n are polygonal approximations to the Wiener process W. By the method of 
characteristics it is proved that u n (t,x) converges almost surely, uniformly in (t,x) <E [0, T] x R d . 
Though the rate of convergence of u n to u is not stated explicitly in g] , from the rate of convergence 
result proved in g] for the characteristics, one can easily deduce that for every k < 1/4 there exists 
a finite random variable £ K such that almost surely \u n (t,x) — u(t,x)\ < £n~ K for all t <E [0,T] and 
x G R d . We note that for polygonal approximations the almost sure order of convergence of W n and 
its area processes are of order n < 1/2, and thus by our paper the almost sure rate of convergence of 
the Wong-Zakai approximations is the same k < 1/2, in Sobolcv norms, and via Sobolev's embedding 
in the supremum norm as well. In |14j the rate of convergence of Wong-Zakai approximations of 
stochastic PDEs driven by Poisson random measures is investigated. 

Let us conclude with introducing some notation used throughout the paper. All random objects are 
given on a fixed probability space (Q, J 7 , P) equipped with a right-continuous filtration F = (Ft)t>o, 
such that J-"o contains all the P-null sets of the complete a-algebra T . The a-algebra of predictable 
subsets of [0, oo ) x Q is denoted by V and the er-algebra of Borel subsets of R d is denoted by B(R d ). 
The notation C °° = C§°(R d ) stands for the space of real valued smooth functions with compact 
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support on K d . For an integer m we use the notation H m for the Hilbert-Sobolev space W™(M. d ) of 
generalised functions on R d . For m > it is the closure of in the norm | • m defined by 

\f\l = E / \D a m\*dx t 

\a\<m 

where D a = D^D^ 2 ■ ■ ■ D% d for multi-indices a = (ai,a 2 ,a d ) £ {0, 1, . . .} d , and D° is the identity 
operator. For m < 0, H m is the closure of in the norm 

\f\ m = sup (f,g)o, 

9&C°° ,\g\- m <l 

where (f,g)o denotes the inner product in = H°. We define in the same way the Hilbert-Sobolev 
space H m = H m (R l ) of R'-valued functions g = (g 1 , ...,g l ) on R d , such that \g\ 2 m = ^Li Ifflm- 
We use the notation (• , -) m for the inner product in H m , and for m = we often use the notation 
(• , ■) instead of (• , -)o- For m > denote by (• , -) m the duality product between H m+1 and H" 1 ^ 1 , 
based on the inner product (■ , -) m in H m . For real numbers A and B we set A V B = max {A, £?} and 
AhB = min {A, £?}. For sequences of random variables (a n )^ =1 and (& n )£°=i the notation a n = o(b n ) 
means the existence of a sequence of random variables £„ converging almost surely to zero such that 
almost surely \a n \ < £, n \b n \ for all n. The notation a n — 0(b n ) means the existence of a finite random 
variable rj such that almost surely \a n \ < ij\b„ \ for all n. 



2. Formulation of the results 

Let W = (W(t)) t£ [ a T ] be a d\ -dimensional Wiener martingale with respect to F, and consider 
for every integer n > 1 an R dl -valued J^-adapted continuous process W n = {W n {t))t^[o,T} 01 finite 
variation. Define the area processes of W and W n as 
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(2.1) A^{t):=- W l {s)dW : >{s)-W 1 {s)dW\s), i,j = l,2,...,d u 

* Jo 

(2.2) ^(t):=lf w*{8)dWZ(8)-Wi(8)dW*(a), i, j = 1, 2, d 1} 
and also the process 

(2.3) Bj?(*):= [ (W i (s)-Wi(s))dWi(s), i,j = l,...,d u 

Jo 

that will play a crucial role. We denote by \\q\\ (t) the first variation of a process q over the interval 
[0, t] for f < T. 

Let 7 > be a fixed real number and assume that the following conditions hold. 

Assumption 2.1. For each k < 7 almost surely 

(i) sw[> t < T \W(t)-W n (t)\=0(n- K ), 

(ii) su Pt < T \Av(t) - AH(t)\ = 0(n- K ) 1 ? j, 

(iii) \\B%\\(T) = o(lnn) for all i,j = l,...,di. 

The following remark is shown in [12] , 
Remark 2.1. Define the matrix- valued process S n = (S%(t)), t £ [0, T] by 

(2.4) Sli(t) = J\w\s) - W* (s)) dWi{s) \(W\ W*)(t) 

\w i (s)-Wi l (s)) dWiW-^Sijt, i,j = 1,2,..., d u 
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for each integer n > 1, where (W z , W^) denotes the quadratic covariation process of W l and W*, and 
5ij = 1 for i = j and it is zero otherwise. Then by Ito's formula for q% := (W l — W^ l )(W : ' — W£) we 
have 

S% (t) + S» (t) = q% (0) - ^ (t) + R% (t) + JC (*) 

with 

R%(t) := f\w i (s)-Wl(s))dW j (s). 
Jo 

Moreover, given Part (i) in Assumption l2.il Part (ii) is equivalent to condition (ii'): 
(2.5) sup [5^ (^)1 = 0(n~ K ) (a.s.) for each n < 7, for i,j = l,...,di. 

t<T 

Assumption 12.11 holds for a large class of approximations W n of W. The main examples are the 
following. 

Example. (Polygonal approximations) Set W n (t) = for t £ [0,T/n) and 

W„(t) = W(t fc _i) + n(t - t k )(W(t k ) - W(t k -i))/T 
for t £ [tk,tk+i), where t k := kT/n for integers k > 0. 
Example. (Smoothing) Define 

W n {t) = ( W(t- u/n) du, t > 0, 
Jo 

where W(s) := for s < 0. 

One can prove, see [T3], that these examples satisfy the conditions of Assumptions l2~Tl with 7 = 1/2. 
Now wc formulate the conditions on the operators L n , M„ and their convergence to operators L 
and M k . We fix an integer m > and a real number K > 0. 

Assumption 2.2 (ellipticity) . There exists a constant A > such that for each integer n > 1 for 
dPxdtx dx almost all (u, i,i)e!lx [0, T] x R d 

a«(t, x)zV" > A|z| 2 , 

for all z = (z 1 ,z 2 ,...,z d ) e R d . 

If A > then we need the following conditions on the regularity of the coefficients a„ = (a^, a l n ,a n : 
ij = b„ = (6^,6* : i = l,...,d;k = a := (a ij ,a\a : i,j = b := (6 lfc ,6 fc : 

i = 1, d; = 1, di) for all n > 1, and on the data it„o, /„ and <?„ = (<7„), itch f, 9 = (g k )- 

Assumption 2.3. The coefficients a„, b„ and their derivatives in x up to order m + 4 arc P x 23(R d )- 
measurable functions, and they are in magnitude bounded by K. For each n > 1, /„ is an iJ m+3 -valued 
predictable process, g„ = is an _ff m+4 (M dl )- valued predictable process and u n o is an 7J m+4 -valucd 
J-o-mcasurablc random variable, such that for every e > almost surely 

\u n0 \ m+3 = 0(n £ ), / \fn\m+ 3 dt = 0(n e ) : sup |ff„(i)|m+4 = 0{n E ). 

Jo t<T 

One knows, see Theorem 13.21 below, that if Assumption 12.21 with A > and Assumption 12.31 hold, 
then for each n > 1 there is a unique generalised solution u n to (|1.1[) - (|1.2[) . 

Assumption 2.4. The coefficients a and b and their derivatives in x up to order m + 1 are V x ^Im- 
measurable functions on f2 x Ht, and they are in magnitude bounded by K . The initial value uq is an 
iJ m+1 -valued .Fo-measurable random variable, / is an iJ m -valued predictable processes and g = (g k ) 
is an if m+1 (R dl )-valued predictable process such that almost surely 

/ l/(*)lm dt + sup \g(t)\l l+1 < 00. 

J0 t<T 
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Assumption 2.5. We have 



sup \D a a n - D a a\ = 0(n" 7 ), sup \D p h n - D f3 h\ = 0(rj- 7 ), 

Ht 



for all \ot\ < (m - 1) V and |/3| < m + 1, and 

i-T 



\fn(t) - f{t)\ 2 m _ x dt + sup \g n (t) - g(t)\ 2 n+1 = 0(n" 27 ). 

t<T 

Now we formulate our main result when A > in Assumption ^. 21 and &„ , b\ and g k do not depend 
on t £ [0,T]. 

Theorem 2.2. Assume that b„ and g n are independent oft. Let Assumvtions HOI \2.2\ with A > 0, 
\2.'A \2.J\ and \2.5\ hold. Then almost surely 

sup \u n (t)-u(t)\ 2 n + \u n (t)-u(t)\ 2 m+1 dt = 0{n 2k ), for any k<j. 

t<T Jo 

In the degenerate case, A = 0, instead of Assumptions 12.31 12.41 and l2~5l we need to impose stronger 
conditions. 

Assumption 2.6. (i) For each n > 1 there exist functions o 1 ^ on Q x Ht, for i = 1, d and r = 1, ...,p, 
for some p > 1, such that a£f = (T^[aj[ for all i,j' = (ii) The functions cr^, fr^ and their 

derivatives in x up to order m + 6, the functions a l n , a n , b n and their derivatives in x up to order 
m + 5 arc ® £>(R d )-mcasurable functions on f2 x tJt, and in magnitude are bounded by K for 
i = 1, d and r = 1, ...,p. For each n > 1, /„ is an iJ m+4 -valued predictable process, c/ n = (g^) is an 
iJ m+5 (R dl )-valued predictable process and u n o is an if m+4 -valued Jb-measurable random variable, 
such that for every e > 

\u, M \ m+ A = 0(n £ ), / |/„|^ +4 df = 0(n £ ), sup \g n (t)\ m+5 = 0(n e ). 

JO t<T 

Assumption 2.7. The coefficients a and b and their derivatives in x up to order m + 2 are P x B(M. d )- 
measurable functions on f2 x Ht, and they are in magnitude bounded by K . The initial value uq is an 
H m+2 -v&\ued j^o-measurable random variable, / is an if m+2 -valucd predictable process and g = (g ) 
is an # m+3 (R dl )-valued predictable process such that 

r-T 

l/(*)lm+a dt + sup \g(t)\ 2 m 

+2 < °°- 

t<T 

Assumption 2.8. We have 

sup |L> Q a„ - ZTa| = 0(n~ 7 ), sup |D^b„ - £^b| = 0{n^) 

Ht H-t 



for all \a\ < m and \/3\ <m + 1, and 

|/„ - f\ 2 n dt = 0(n^), I \g n - g\f n+1 dt = O(n^). 

Jo 

Remark 2.3. Notice that Assumption 12.61 (i) implies Assumption 12.21 with A = 0. 
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Theorem 2.4. Assume that b„ and g n do not depend on t. Let Assumvtions \2A\ \2.6l \2. 7| and \2.8\ 
hold. Then 

sup \u n — u\ m = 0{n~ K ) a.s. for each k < 7. 

t<T 

Let us now consider the case when all the coefficients and free terms may depend ont £ [0, T]. We 
use the notation 

h n := (6**, &£, gl : i = l,...,d, k = l,...,di) , n > 1, 
h:= (b ik ,b k ,g k :i = l,...,d, k = l,...,d 1 ). 
We make the following assumption. 
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Assumption 2.9. There exist P®B(R d ) -measurable bounded functions 

b« = (6*W, b k ^ : i = 1, d, fc = 1, di), r = 0, di, n > 1 

and (R dl )-valued bounded predictable processes g n = (gn '■ k = 1, di), such that 

d(M*),¥>) = (^ 0) W^)dt + (/ 1 W(t),^)^(t), n>l, 

where ft.! 1 ^ = (bn , gn**)- For r = 0, ...di and j = 1, ...,<ii there exist "P(g)£?(IR d )-nieasurable bounded 
functions 

b (r) = ( 6 ife(r) 5 6 fe(0 . j = 1, ...,<*, fc = l,...,di), 

bfa» = (&<*(*•) ( : i = l,...,d, k = l,...,di), 

and ff°(]R dl )-valued bounded predictable processes (?« < ' r ' > and , & = 1, c?i, such that 

d(fc(t), ¥>) = (^ (0) (*), ¥>) * + {h [k) (t), ^ dW k (t), 
d(h^ (t) , = (ftW (t) , v?) dt + {h^ (t) , (t) 
for 93 e C* °°(R d ), for j = l,...,di, where = (bM, 5 fc W : k = l,...,di) and /i^ = (bk v ), fl fc C7>) : 
ft = 1, . . .,di), r = 0, ...,di. 

If Assumption 12.21 holds with A > 0, then we impose the following conditions. 

Assumption 2.10. For n > 1 the coefficients b« and their derivatives in a; up to order m + 3 
are V <g> £>(R d )-measurable functions on il x Ht, and they are bounded in magnitude by K for 
r = 0, l,...,di. The functions g n are 7J m+ -valued, g n are £f m+ -valued predictable processes, 
such that 

/ l^ (0) (*)l^ +2 * = 0(» e ), sup |. 9l fc «| m+3 = 0(n e ) 
for each e > and all fc, j = 1, ...,di. 

Assumption 2.11. The coefficients b^ r \ b^ r ^ and their derivatives in x up to order m+1 are V®B(M. d )- 
measurable functions on il x Ht, and they are bounded in magnitude by K for r = 0, 1, d\ and 
j = 1, 2, .., di. The functions g fc ( r ) and g fc (-? r ) arc _ff m+1 -valued predictable processes, and are bounded 
in H m+1 , for r = 0,1, ...,di and j = l,2,..,di. 

Assumption 2.12. For j = 1, 2, di we have 

sup |D Q b^ - L> Q b (j) I = 0(n~ 7 ) for \a\ < m, 

sup ^ -g m \ m = 0(n-i) for * = l,...,d 1 . 

One knows, see [5], that under the assumptions above the limit u of it ra for n — > 00 exists and 
satisfies 

(2.6) dti(*,a;) = (Lu(t,x) +f)dt + (M k u{t,x) + g k ) odW k (t), (t,x)eH T 
with initial condition 

(2.7) u(0,x) = u (x), xeR d , 
where 

(M k u{t,x) + g k ) o dW k =±{M k M k u{t,x) + M k g k (t,x))dt 

+ {M k u(t, x) + g k (t, x)) dW k (t) 

+ lj2(M k{k) u(t,x)+g k ^(t,x))dt, 

k=l 

with M k ^ := b ik W(t,x)Di + b k{ - k \t,x). 

We have the following results on the rate of convergence. 
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Theorem 2.5. Let Assumptions\KH\KE with A > 0, [OJ \EQ [O and\KE throuah UTW hold. Then 
for each k < 7 

sup |u„(i) - u(t)|£, + f \u n (t) - u(t)\ 2 m+1 dt = 0(n~ 2K ), 

t<T Jo 

where u is the generalised solution of (|2.6[) - (|2.7[) . 

Let us now consider the case when A = in Assumption 12.21 

(r) 

Assumption 2.13. For n > 1 the coefficients b„ and their derivatives in x up to order m + 4 
arc "P (8) £>(K d )-measurablc functions on 17 x TJ-r, and they are bounded in magnitude by K for 
r — 0, The functions g^ ) arc i7 m+3 -valued, g k ^ are 7T m+4 -valued predictable processes, 

such that 

/ \9 m (t)\ 2 m+3 dt = 0(n% sup| 5 fe «| m+4 = 0(n £ ) 

JO H T 

for each e > and all k,j = 1, ...,d\. 

Assumption 2.14. The coefficients h^ r \ b^ r ' and their derivatives in x up to order m+2 are V®B{M. d )- 
measurablc functions on Q x Ht, and they are bounded in magnitude by K for r = 0, 1, di and 
j = 1, 2, .., d\. The functions <7 fe ( r ) and g k ti r ) are H™ +1 -valued predictable processes, and are bounded 
in H m+1 , for r = 0,1,..., di and fc,j = l,2,..,di. 

Assumption 2.15. For j = 1, 2, di we have 

sup \D a h^ - D a h {j) \ = 0(n- J ) for |a| < m + 1, 

supl^W -g k ^\ m +i = 0(n-^) for ft = l,...,di. 

Theorem 2.6. Le£ Assumvtion \2.1[ Assumvtions [2~B\ through \ 2.9l and Assumptions \K73\ through 
[2~TS\ hold. Then 

sup |ti n — u\ m = 0(n~ K ) for each n < 7, 
where u is the generalised solution of (|2.6|) - (|2.7I) . 

3. Auxiliaries 

3.1. Existence, uniqueness and known estimates for solutions. Consider the equation 
du{t,x) =(Cu(t,x) + f{t,x)) dt + (M k u(t 1 x) + g k (t,x)) dW k {t) 

(3.1) + (M p u(t,x) + h p {t,x))dB p (t), te(0,T], xeR d 
with initial condition 

(3.2) u(0,x)=u {x), xeR d , 

where W = (W 1 , W dl ) is a d\ -dimensional Wiener martingale with respect to (J-t)t>oj and 
B 1 ,...,B d2 are real-valued adapted continuous processes of finite variation over [0,T]. The opera- 
tors £, M k and Af p are of the form 

C = a ij D i D j + a i D i + a, M k = b ik D l + b k , M p = c v A + c p , 

where the coefficients o y , a 1 , a, b tk , b , c lp and c p arc V x £>(R d )-mcasurable real- valued bounded 
functions defined on f2 x [0, T] x M. d for all i, j — 1, d, k = 1, di and p = 1, d2. The free terms 
/ = f(t,-), g k (t,-) and h p — h p (t,-) arc i?°-valued predictable processes, and uq is an i/ 1 -valucd 
J-o-measurable random variable. 

To formulate the notion of the solution we assume that the generalised derivatives in x, Dja lJ , are 
also bounded functions on ft x Ht for all i,j = l,...,d. 
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Definition 3.1. By a solution of (|3.1j) - p.2[) we mean an iJ 1 -valued weakly continuous adapted 
process u = (w(£))te[o,T] , such that 



(u(t),(p) = (u ,<p) + / {-(a ij D i u,D j ip) + ((a 1 -a l j)D lU + au + f,ip)}ds 
Jo 

+ { (M k u + g k ,<p)dW k + I (Af p u + h p ,<p)dB p , 



holds for t G [0,T] and if G Cg°(R d ), where a'; = D^K 

To present those existence and uniqueness theorems from the L2-theory of stochastic PDEs which 
we use in this paper, we formulate some assumptions. 

Assumption 3.1. There is a constant A > such that for all n > 1, dP x dt x dx almost all (u>,t,x) G 
fl x ffr we have 

(a 13 - W k b jk )z i z j > X\z\ 2 for all z = (z\ z d ) G K d . 



To formulate some further conditions on the smoothness of the coefficients and the data of (|3.1|) - 
(|3.2[) we fix an integer m > 1 . We consider first the case A > in Assumption 13.11 and make the 
following conditions. 

Assumption 3.2. The coefficients o 1 - 7 , a 1 , a, b lfc , b fc , c !p , c p and their derivatives in i 6 R d up to order 
m arc x £>(R d )-mcasurable real functions on f2 x Ht and in magnitude are bounded by K. 

Assumption 3.3. The initial value uq is an i/™-valued random variable. The free terms / = f(t), 
9 k = 9 k (t), h p = h p (t) arc predictable iJ m -valued processes such that almost surely 

T \f(t)\l_ 1 dt<^, f \g{t)\ 2 m dt<<x>, [ T \h p (t)\ m d\\B p \\(t)<^ 
Jo Jo 

for all k = 1, di and p = 1, <i 2 , where \g\ 2 = J2k l^lf an d 1^1? = J2 P \^ P \f f° r ever ' ^ 0- 



Theorem 3.2. Le£ Assumvtions \3.1\ with A > 0, and Hjj ZioZd. T/ien t|3.1 [> -f|3.2 p /ias a unique 
generalised solution u. Moreover, u is an H m -valued weakly continuous process, it is strongly contin- 
uous as an H m ~ 1 -valued process, u(t) G H™ +1 for P x dt a.e. (u>,t), and there exist constants v > 
and C > such that for every I G [0, m] 



Esupe 




<C{\u \f+ e^ v (\f\f_ 1 + \g\f)dt+ e-^\h"\td\\B"\ 



where V(t) = t + Y.%i \\B p (t)\\. The constants v and C depend only on \, K , d, d\, di and I. 

In the degenerate case, i.e., when A = in Assumption 13.11 we need to impose somewhat stronger 
conditions in the other assumptions of the previous theorem. 

Theorem 3.3. Let Assumvtions \3.1\ (with A = 0), \3. 2\ and \3.3\ hold. Assume, moreover, that the 
derivatives in x G M. d of a 13 up to order m V 2 are bounded real functions on O x [0,T] x M d for all 
i,j = l,...,d, and that g k = g k (t) are H m+1 -valued predictable processes for all k = l,.,.,di, such 
that almost surely 

/ lfl(*)lm+l dt < 00 ■ < °°- 
Jo 

Then the conclusion of Theorem \3.2\ remains valid. 

Theorem 13.31 is a slight modification of [TTJ Theorem 3.1] and can be proved in the same way. We 
can prove Theorem 13.21 in the same fashion. 
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3.2. Inequalities in Sobolev spaces and a Gronwall-type lemma. In the following lemmas we 
present some estimate we use in the paper. We consider the differential operators 

M = b l D t + b°, JV=c l Di + c°, IC^d'D. + d , 

and 

C = a ij DiDj + a' I), + a , 

where a*- 7 , a 1 , a , b % , b°, c 4 , c°, d % and d° are Borel functions defined on M d for i, j = l,...,d. We 
fix an integer I > and a constant K. Recall the notation (• , ■) = (• , -)o for the inner product in 
H" = L 2 (R"), and (• , •) for the duality product between H 1 and H~ x . 

Lemma 3.4. (i) Assume that b° and its derivatives up to order I, and b l and their derivatives up to 
order I V 1 are real functions, in magnitude bounded by K . Then for a constant C = C(K, I, d) 

(3.3) \{D a Mv,D a v)\ < C\v\f, 

(3.4) \(D a Mv,D a u) + (D a Mu,D a v)\ <C\v\i\u\i 

for all u, v € H l+1 and multi-indices a, \a\ < I. 

(ii) Assume that b° , c° and their derivatives up to order I V 1, b l and c 1 and their derivatives up to 
order (i + 1) V 2 are real functions, in magnitude bounded by K . Then for a constant C = C(K, I, d) 

\{D a MJVv,D a v) + (D a Mv,D a JVv)\ < C\v\f, 

for all v G H l+2 and multi-indices a, \a\ < I. 

(Hi) Assume that 6°, c°, d° and their derivatives up to order (l + l)V2, b l , c % , d % and their derivatives 
up to order (/ + 2) V 3 are real functions, and in magnitude are bounded by K for i = 1, d. Then 
for a constant C = C(K, I, d) 

\(D a MAflCv, D a v) + (D a MAfv, D a JCv) 

+ (D a MK,v, D a Nv) + {D a Mv,D a NJCv)\ < C\v\f, 

for all v £ H l+3 and multi-indices a, \a\ < I. 

Proof. These and similar estimates are proved in [5] . For the sake of completeness and the convenience 
of the reader we present a proof here. We can assume that v S C^°(W l ). Let us start with (i). 
Integrating by parts, we have 

(MD a v,D a v) = -(D a v,MD a v) + (D a v,fhD a v), 
where m := 26° - Y$=i D i b Therefore, by writing [M, D a ] = D a M - MD a , 
(D a Mv,D a v) = (MD a v,D a v) + ([M, D a ]v, D a v) 

= \{D a v,fhD a v) + ([M,D a ]v,D a v) < C\v\f, 
by the regularity assumed on the coefficients. Let us write 

p(v) := (D a Mv, D a v) = \{D a v, fhD a v) + ([M, D a ]v, D a v) =: q(v) + r(v). 

Defining 

2a(u, v) := p(u + v) - p{u) - p(v) = (D a Mu, D a v) + (D a Mv, D a u), 
2b(u, v) := q(u + v) - q{u) - q(v) = (fhD a u, D a v), 

and 

2c(u, v) := r(u + v) - r(u) - r(v) = ([M, D a ]u, D a v) + ([M,D a ]v, D a u), 

we have 

(3.5) a(u, v) = b(u, v) + c(u, v) 
and 

\a(u,v)\ < \b(u,v)\ + \c(u,v)\ < C\u\i\v\ h 
which proves the second inequality in p.3[) . The identity (|3.5|l applied with u = Nv establishes that 
{D a MHv, D a v) + (D a Mv, D a Hv) = {fhD a J\fv, D a v) 
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+([M, D a ]Nv , D a v) + {[M,D a ]v, D a Mv). 

By the previous case, 

\{D a MJVv,D a v) + (D a Mv,D a JVv)\ < C\v\f, 
and (ii) is proved. For (Hi), integrating by parts, 

p(v) :=(D a MAfv,D a v) + (D a Mv,D a Nv) 

= (D a JVv, rhD a v) + ([M,D a M]v, D a v) + ([M, D a ]v, D a Nv) 
=q(v) + r(v) + s(v). 
By polarizing this last identity as above and letting u = K.v, we have 

(D a MNK.v, D a v) + (D a MJ\fv, D a K,v) 
+ (D a MICv, D a Mv) + (D a Mv, D a Af)Cv) 
= (D a JV)Cv,mD a v) + (D a Mv,fhD a K.v) 
+([M, D a Af]ICv, D a v) + ([M,D a JV]v, D a JCv) 
([M,D a ])Cv, D a Nv) + {[M,D a ]v, D a MK,v) < C\v\f, 
where in the last inequality we used (ii). Hence (Hi) is proved. □ 

Lemma 3.5. Assume that a tJ , b° and their derivatives up to order I V 1, b l and their derivatives up 
to order I V 2, a 1 , a and their derivatives up to order I are real functions, in magnitude bounded by 
K for i = 1, d. Then for a constant C = C(K, I, d) 

\(D a Mv, D a Cv) + (D a v, D a MCv) \ < C\v\f +1 , 

for v G H l+2 and multi-indices \a\ < I. 

Proof. Let us check first the case I = 0. Denote by Ai* the formal adjoint of M.. We have 

\(Mv,Cv) + (v,MCv) = \((M + M*)v,£v)\ = \(-b\v + 2b°v,£v)\ <C\v\ u 
where b\ = Dib 1 . For the general case, let \a\ < I and write 
(D a Mv, D a Cv) + {D a v, D a MCv) 

= (D a Mv, D a Lv) + (D a v, MD a Cv) + (D a v, [M, D a ]Cv) 
= (D a Mv, D a Cv) + (M*D a v, D a Cv) + (D a v, [M, D a ]Lv) 
= ([M, D a ]v, D a Cv) + (-b\D a v + 2b°D a v, D a Lv) + (D a v, [M,D a ]Cv), 
from which the estimate follows. □ 

The next lemma is a standard fact for elliptic differential operators C = a iJ DiDj + a l Di + a 
Lemma 3.6. Assume there exists a constant A > such that 

a ij (x)z i z j > A|z| 2 , for all z,x e R d , 

and that the derivatives of a 1 and a up to order (I — 1) V0 , and the derivatives of a 1 ^ up to order I V 1 
are functions, bounded by K , for i,j = 1, d. Then there is a constant C = C(KX, I, d) such that 

(D a v,D a £v)<C\v\l-±\v\l +1 , 
for all v G H l+2 and multi-indices \a\ < I. 

In the next two lemmas we assume that there exist vector fields 

a 1 = (a il (x)),...,a^ = (a i nx)), 
such that a^ = cr" 'a jr for all i,j = l,...,d. Set 

AT :=a lr A, r = l,...,p, 

and notice that if the a r are differentiable then we can write C = 'YT r=1 (N r ) 2 + A/" , where Af° = 
(a j -a lr (D^ r )) Dj +a°. 
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Lemma 3.7. Assume that the derivatives of a up to order (l + l) V2 and the derivatives of a 1 , a up 
to order I V 1 are functions, bounded by a constant K for i = 1, d. Then 

p 

{D a Cv, D a v) <-J2 \D a N r v\l + C\v\ 2 , 

r=l 

and 

\{D a Cv,D a u)\ < £ \D a M r v\l + C(\v\ 2 + \u\ 2 +l ), 

r=l 

for all v,u G H l+2 and multi-indices \a\ < I, with a constant C = C(K,d,l,p). 

Proof. By Lemma 13.41 (ii) and {Hi), 

(D a v, D a Cv) ={D a v, D a M r JV r v) + {D a v, D a JV°v) Q 

< - {D a N r v, D a M r v) + C\v\f, 

with a constant C = C(K,d,l,p) and the first inequality of the statement follows. To get the second 
one we need only note that by interchanging differential operators and by integration by parts we 
have 

\{D a Af r Af r v,D a u)\ <\{D a M r vM r D a u)\ + \{[M r ,D a ]M r v,D a u)\+C\u\ 2 l+1 
<Y,\D a M r v\l + C\u\* +l , 

r=l 

\{D<*M°v,D<*u)\<C{\v\* + \u\ 2 l+l ), 

with constants C = C{K, d,p,l). □ 

Lemma 3.8. Assume that the derivatives of a 1 and b l up to order {I + 2) V 3 and the derivatives of 
a 1 , a and b° up to order (/ + 1) V 2 are functions, bounded by a constant K for i = 1, d. Then 

p 

\{D a MCv,D a v) + (D a £v,D a Mv)\ < C ^ \Af r v\f + C\v\ 2 , 

r—l 

with a constant C = C{K,l,d,p) for all v £ H l+3 and multi-indices \a\ < I. 

Proof. Put TV = K, = Af r ', r = 1, . . . ,p in Lemma 13.41 (Hi) and use (i) of the same lemma for J\f r v to 
get 

\{D a MN r N r v 1 D a v) + {D a Mv,D a M r N r v)\ 

p 

< C\v\ 2 +2\{D a MN r v,D a M r v)\ < C\v\ 2 +Cj2 W r v\ 2 , 

r=l 

and apply Lemma 13.41 {ii) to obtain 

\{D a MJV°v,D a v) + (D a Mv,D a JV°v)\ < C\v\f, 

which prove the corollary. □ 

The following Gronwall type lemma will be useful for our estimates in the next section. 

Lemma 3.9. Let y n , m n , Q n and q n be sequences of real valued continuous Tt-adapted stochastic 
processes given on the interval [0,T], such that Q n is a non- decreasing non-negative process and m n 
is a local martingale starting from 0. Let S, 7 be some real numbers with S < 7. Assume that almost 
surely 

(3.6) 0<y n {t)< [ yn(s)dQ n {s)+m n (t)+q n (t), 

Jo 

holds for all t £ [0,r„] and integers n > 1, where 

t„ = inf {t > : y n {t) > n~ 5 } A T. 
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Suppose that almost surely 

Qn(T n ) = o(lnra), sup q n (t) = 0(ttT 7 ), 



d(m n ) < (yl + k n y n ) dQ n , on t € [0, t„], / k n (s) dQ„ = 0(n 7 ) 

Jo 

for a sequence of non-negative Tt-adapted processes k n . Then almost surely 

(3.7) sup y n (t) = 0(n~ K ), for each k < 7. 

t<T 

Proof. Let us assume first that 7 > 0. The case 5 = is a slight modification of [12j Lemma 3.8]. It 
can be proved in the same way by using a suitable generalization of Lemma 3.7 from [TJ] (see [TU]V 
For 8 < 7 <E (0, 00), we see that the conditions of the Lemma are satisfied with 7' = 7 — 5. 

/„ s n / ,.s Vnjt) , M m n (t) , q n (t) k n (t) 

(3.8) y n {t) = — r , m n (t) = — -, q n (t) = — r , k n (t) = — j-, 

in place of 7, y n , m n , q n and k n , with <5 = 0. Hence we have p.7[) for in place of y n for each k < 7', 
which gives (|3.7[) in this case. 

Suppose now that 7 < 0. Take 7 <G (5, 7) and set 7' := 7 — 7, 6' := 5 — 7. Define , m^, and k' n 
as in (|3.8|) with 7 in place of (5. Notice that 7' > and that the conditions of the lemma are satisfied 
by the processes y' n , m' n , q' n and k' n in place of y n , m n , q n and k n , with 7' and S' instead of 7 and S. 
Hence (|3.7[) holds for y' n and 7' in place of y n and 7, which gives the lemma. □ 

Corollary 3.10. Let o~ n be an increasing sequence of stopping times converging to infinity almost 
surely. Assume that the conditions of the previous lemma are satisfied with f n = inf{i > : y n (t) > 
n~ s } AT A cr„ in place of r n . Then its conclusion, p.7p . still holds. 

Proof. The conditions of Lemma 13.91 are satisfied by the processes 

y' n (t) = y n (t A a n ), m' n (t) = m n (t Aa n ), q' n (t) = q n (t A a n ), 

Kit) = k n (t Acr„), 

in place of y n , m n , q n and k n and with r' n = inf \t > : y' n (t) > n _l5 } in place of r n . Hence 

(3.9) sup y' n (t) — 0(n~ K ), for each k < 7. 

Define the set il n :— [a n > T] and note that since a n /~ 00 almost surely, the set fi' = U n >if2„ has 
full probability. It remains to prove that the random variable 

, Vm{t) 

4 := sup sup ■ 

m>l t<T 

is finite almost surely for all k < 7. Indeed, take w 6 f!'. Then uj £ VL n for some n(w) > 1, hence 
o~ m (to) > T for all m > n(tu) and, by (|3.9|) . 

supy m (t A cr m ) = supy m (t) < C K m _K , 

t<T t<T 

for all m > n(w). Since £ K is finite almost surely, so it is £. □ 



4. The growth of the approximations 

In this section we estimate solutions u n of for large n. We fix an integer I > 0, a constant 
-ftT > 0, and make the following assumptions. 

Assumption 4.1. The derivatives in x of the coefficients ajf, a^, a„, 6^ up to order £ + 1, and the 
derivatives in x of up to order (I + 1) V2 arc x £>(R d )-measurable real functions on f2 x [0, T] x R d 
and in magnitude are bounded by K, for all i,j = 1, d, k = 1, di, and all n > 1. 
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Assumption 4.2. For each e > almost surely 

\u n0 \i = 0(n £ ), [ (\f n \i+\g n \i +1 ) dt = 0(n E ), sup \g n (t)\f = 0(n £ ). 

JO t<T 

We will often use the notation notation / • V(t) for the integral 

'* f(s)dV(s), 

when V is a scmimartingalc and / is a predictable process such that the stochastic integral of / 
against dV over [0, t] is well-defined. We define 

77„(t) = sup sup \W(s) - W m (s) \ . 

Notice that Assumption 12. II (i) clearly implies that rj n (T) = 0(n~ K ) almost surely for each k < 7. 
First we study the case when i>„ , b k and g k do not depend on t e [0,T]. 

Theorem 4.1. Assume that b zk , b^ and g k do not depend on t for i = 1, d, k = 1, d% and n > 1. 
Let Assumptions \K7\ (i) and (iii), |^. i[ and\K^ with A > ZioZd. Then for every e > almost 
surely 

sup|u n (t)| ; + / |u n |?+i = 0(n e ). 
t<T Jo 

Proof. Assume for the moment that u n o £ H l+1 almost surely. Recall that we are assuming that W k 
is of bounded variation, n > 1, k = 1, . . . ,d\. Then by Theorem 13.21 under Assumptions 14.11 14.21 and 
I2.2l with A > there is a unique generalised solution u n of (|l.ll) - (ll.2[) , and it is an i? z+1 -valued weakly 
continuous process such that almost surely 

T 

Wti+2 dt < OO. 

Jo 

In particular, 

(u n (t),ip) = (u n0 ,ip) 



+ I [ - (an D t u n, Djtp) + ((a l n - Dja%)DiU n + a n u n + f n , tp) Q ] ds 



holds for all * € [0,T] and p e C °°(]R d ). Substituting here Eh^- 1 ) 1 " 1 - 02 ^ in P^ce of ip and 
integrating by parts, we get 

(u n (t),ip)i = (u n0 ,cp)t 

+ [ - K 3 A%, A 1 ^)' + {( a n - DjO%)DiUn + a„U n + f n ,(p) J ds 



t 

+ / (ft^Au + ^ttn + ^^jdWjCa). 
Jo 

Hence using Ito's formula in the triple H rn+1 ^ H m = (H m )* H" 1 ^ 1 , we have 

d\u n \f = 2(u n ,L n u n + f n )i dt + 2(u n ,M%u n + g k )i dW k = 2(u n ,L n u n + f n )idt 

+2(u n , M*u n + g k n )i dW k + 2(u n , M k u n + d(W k - W k ). 
Hence, integrating by parts in the last term above we have 



(4.1) Klf = E J - 

3=1 



6 

(3) 
n ' 
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where 



I^ 1 

/ (2 

J n 

J(3 
n 

7(4; 
7(5 

7(6 



\ u no\f , 



2(u n ,L n u n + f n )i ■ t, 
2(u n ,M*u n + g k l ) l -W k (t), 

2{u n ,M k u n +g k n ) l {W k -W k )^, 

2 {{(L„u n + /„, M*u„ + g^t + (u n , M*(L n u n + f„))i}(W k - W k )) ■ t, 
2 ((M>„ + ^, M„ fe Wn + g*), + (u n ,M k {Miu n + • fl« (t), 



and (• , is the duality product between ff i+1 and if' 1 , based on the inner product (• , in H l . 
Using Lemma 13.61 we obtain 



Ii 2) < 



cKif-AKif+i + q/ni?.! 



with a constant C = C(K,l,d, A). The term /„ is a continuous local martingale starting from 0, 
such that its quadratic variation, (ii?^), satisfies, by Lemma [331 (i) 

(4.2) d(I&) <C(\u n \f + \u n \ 2 l \g n \ 2 l )dt, 

and also by Lemma 13.41 (i) we have 

I^(t) < C sup (M*)|? + |. 9 „(.s)| 2 ) r/„(t) 

0<s<i v 



with a constant C = C(K,d,d%,l), where |g n | 2 = J^k Iffnlf- Using Lemmas 13.41 (mJ and 13.51 we have 



4 5) (i)<c[|u„| 2 +1 + |/ rl | 2 + |. 9)1 | 



1+1 



Vn ■ t, 



and 



I^{t)<C 



2 ,2 



|S„||W, 



with ||B n || := £\ fe IIB^II and a constant C = C(#, d, di, /). Therefore, from (|4~T|) . 



(4.3) |u n (i)| 2 < / (|u„(s)| 2 + | 5 „| 2 ) dQ„(a) + m„(t) 



(A - C7r? n (s)) |u„(s)|f +1 ds + C / (|/ n (s)|« + |<?„|f +1 )(l + r, n (s)) ds 

■|u | 2 + C sup ( \u n (s)\f + \g n (s)\f) r) n (t), 

0<s<t K ' 



with m n = /„ and Q n (s) = C(s + \\B n \\(s)). Define 



a n :=mf{t > : 2Cr) n (t) > A}, 



and note that almost surely 



(4.4) 



y n (t) := + - / \u n {s)\ l+1 ds < \u n (s)\i dQ n (s) + m n (t) + q n (t) 

z Jo Jo 

< / y n (s) dQ n (s) + m n (t) + q n (t) for all t £ [0, a n ], 



RATE OF CONVERGENCE 15 



with q n — + gi 2 ' , where 



qW(t) = \u nQ \f + Cr, n {t) sup \g n \f 

0<s<t 

+ C f\l + Vn)(\fn(s)\f + \g n \f +1 )d S + C f \g n \f d\\B n \\(s), 
Jo Jo 

?<?>(*) =Cri n (t) sup Ms) |f. 

0<s<t 

Due to Assumptions 12 . 1 1 (i) fc (iii) and 14.21 we have 

sup = 0{n e ) almost surely for each e > 0. 

t<T 

For a given k G (0, 7) and any e £ (0, k) take e £ (e, k) and define 

r„ = inf{< > : M*)ll > n s }. 

Then clearly 

sup |<£ 2) (t)| = 0{n e ) a.s. for each e > 0. 

t<r„ 

Thus 

sup |<?n(i)| = 0(n e ) a.s. for each e > 0. 

t<T„ 

Now taking into account (|4.2p and noting that <r„ /* 00, we finish the proof of the theorem by applying 
Corollary 13.101 to (|4.4[) . Since our estimates do not depend on the norm of u„o in H l+1 but on its 
norm in H l , by a standard approximation argument we can relax the assumption that u„o is almost 
surely in H l+1 . □ 

In the case when b lk , b k and g k depend on t we make the following assumption. 

Assumption 4.3. For each n > 1, i = 1,2, ...,d and A: = l,...,di there exist real-valued x £>(]R d )- 
measurable functions £>^ r \ fr^M on x [0, T] x M d and i7°-valucd predictable processes <7^ r ) for 
r = 0, 1, d\, such that almost surely 

d(b%(t),cp) = (#<°> (*),*>) dt + <p) dW*(t), 

d(b k (t),<p) = (b k n W(t),<p)dt + (b^(t),<p)dWP(t), 
d(g*(t), <p) = (g k J°\t),<p) dt + (g k ^(t), <p) dW*(t), 
for all i = 1, d, k = l,...,dx, every n > 1 and ^5 £ C l 5 >0 (]R d ). The functions &^ r ' ) together with 

k(r) 

their derivatives in x up to order I V 1 and the functions b n together with their derivatives in x 
up to order I are V x B(R d )-measurable functions, bounded by K for all n > 1 and r = 0, 1, di. 
Moreover, for each £ > 

[ T \g k n {a) \Lidt = 0(rf), sup^>^ = 0(n £ ) forfc = l,..,d 1 . 
./o t<T^ 

Theorem 4.2. Let £/ie assumptions of Theorem \4-l\ together with As sumption \4-3\ hold. Then we 
have the conclusion of Theorem\4- 1\ 



Proof. We can follow the proof of the previous theorem with minor changes. We need only add an 
additional term, 

4 7 > = 2{(W k ~ W k )(u n ,M k ^u n +g k ^) l }-t + 2(u n ,M k ^u n +g k ^) l ■ B k ?(t), 
to the right-hand side (|4.1[) . where for each n > 1, 

M k{r) =b ik{r) D . + b k(r)^ 

for k = 1, di and r = 0, .., di. Clearly, 2(u n , g k ^°')i < \u n \f +1 + \g k \f_ 1 , and hence 

\2(W k - W k ){u n ,M k ^u n +g m )i\ 
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<^(k„|? + i + |5i 0) l;-i+CKIf), 

and, by Lemma EH] (i), 

2\{u n ,M k ^u n +g k ^) l \ <C\u n \f + \g k ^\f 

with a constant C = C(K,d,di,l), where = J2k=i Idn^ \i-i- Thus inequality (|4.3[) holds 

with the additional term 

4f\t) = Vn{t) f\g^{s)\t 1 ds+ f\g^\s)\U\\B kp \\{s) 
Jo Jo 

added to its left-hand side and with a constant C = C(A, K, di,l). Since due to Assumptions 14.31 and 
12.11 (iii) , for each e > we have 

supg4 3 '(t) = 0{n e ) almost surely, 

t<T 

we can finish the proof as in the proof of Theorem 14.11 □ 
Let us consider now the degenerate case, A = in Assumption 12.21 

Assumption 4.4. For each n > 1 there exist real-valued functions crjf on f2 x Ht for p = 1, 2, di such 
that a % 2 = a^ai p for all i, j = 1, . . . , d. For all n > 1 the functions er!f and 61 and their derivatives in 

It lb II ' ** • ' II lb 

x £ M. d up to order (I + 2) V 3, the functions a l n , a n , b n and their derivatives in x up to order (I + 1) V 2 
are x S(M d )-measurable functions, bounded by -K", for alH = 1, d and p = 1, d-2- 

Assumption 4.5. Let Assumption 14. 31 hold and assume that for each e > 

/ Iff™ (01? ^ = 0(n e ) almost surely for each k = 1,2,..., d\. 
Jo 

Theorem 4.3. Let AssumvtionsWl\(\)k(\\i) , [Ql (wit/i \ = Q), \JJ% \Tj\ and\J^\ hold. Th 



d 2 »T 

sup |it„(i)| ; + y / |A^m„| ; ds = 0(n e ), for every e > almost surely, 
t<T 7=i J ® 



where N£ = cr^Di, for r = 1, . . . , d%- 



Proof. The proof follows the lines of that of Theorems 14.11 and 14.21 but instead of estimating I n 2 ^ and 
In separately, we estimate their sum as follows. Note that 

dI n V =2{(L n u n + /„, M k u n + g n )i + {u n , M k (L n u n + f n ))i}(W k - W k ) dt 

=2{(L n u n ,M k u n )i + (u n ,M k L n u n )i + (L n u n , g k )i}(W k - W k )dt 

+ 2{(/ n , M k u n )i + (u n , M k f n ) l }(W k - W k ) dt 

+ 2(f n ,g k ) l (W k -W k )dt. 

Using Lemmas 13.81 13.71 13.41 (i) and (ii), we obtain 

\{L n u n ,M k u n )i + (u n ,M k L n u n )i\ < \Kun\f + C\u n \f, 

r=l 

d 2 



l ,L n U n + f n ) l < -J2\ N n U n\f +C|«n|? + \U\l- 



r=l 

\(f n ,M k u n )t + (u„,M*/ n ),| < C(\u n \f + \f n \f) 



\{L n u ni g k )i \ < yr \N r n u n \ 2 + C(\u n \ 2 + \g k \ 2 +1 ) 
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with a constant C = C(K, l,d,d%). Hence 

dl£\t) < C Vn {t) ^ |jV> n |f + \g n \f +1 + \f n \f + \u n \lj dt, 
and recalling that J„ ; (t) = 2(u n , L n u n + / n )/ • £, we get 

4 2) W +4 5) W <C {(*?„ + 1)(|«„|? + |/n|?) + |Sn|?+l)} ' t 

+ {(C Vn -2)J2\N:u n \f}-t. 

r=l 

To estimate we use that, by Lemma l3T4Y z). 

|2(^ fe - iy„ fc ){(u„,M n fe (°) U)l + 5 * (0) )i}| < C»fc(M? + 

with a constant C and |g4°^|f = X^fc Iff"'' ''!?- Thus using the estimates for I„ , Ir?\ Iif 1 and 1^ 
given in the proof of Theorem 14.11 and defining 



and 



we get 



with 



c7„ = mf{i>0:C?7„> 1} , 

y n (t) = \u n (t)ff + \K r ii n tf ds, 
i Jo 



Vn(t) < / y n {s) dQ n (s) + m n (i) + q n (t) almost surely for all t <G [0, a n ], 



l {s)=C{{ Vn + l)s + \\B n \\{s)+r )n }, m n = l£\ q n = qW + q& + $\ 
?i 3) ~ [ t \9^(^snp\W(r)-W n (r)\d S + f \gp>) (s)\? d\\B%>\\(s) 



r<t 

where ||S„||(s) = J2k P \\^n P \\( s )- Qn and In are defined in the proof Theorem 14.11 and C is a 
constant depending only on K, d, d\, d^ and I. Hence the proof is the same as that of Theorem 14. II 

□ 

5. Rate of convergence results for SPDEs 

Here we present two theorems on rate of convergence which provide us with a technical tool to 
prove our main results. Consider for each integer n > 1 the problem 

du n (t,x)= (C n u n (t,x) + f n (t,x))dt+ (M*u n (t,x)+ gl (t,x)) dW k (t) 

(5.1) +(J^P Un (t,x) + hP(t,x))dBP(t), (t,x)€H T , 

(5.2) u n (0,x)=u n0 (x) xeR d , 

where B n = (B?) is an R d2 -valued continuous adapted process of finite variation on [0,T]. The 
operators £„, M.* and Affi are of the form 

C n = a%(t, x)Dij + a l n (t, x)Di + a n (t, x), 

(5.3) M* = b%(t,x)Di + b*(t,x), Afr = ci?(t,x)D i + tZ(t,x) 

where c$, a l n , o„, b^ fc , b„, cjf and c£ are V ® E(R d )-measurable real functions on il x Ht for i,j = 
l,...,d, k — l,...,di, p = l,...,d2 and n > 1. For each n the initial value u„o is an i?°-valued J-~o- 
measurable random variable, /„ is an _ff _1 -valued predictable process and g\ and h p n are i?°-valued 
predictable processes for k = 1,..., di and p = l,...,e? 2 . We use the notation \g n \ 2 r = J2k \9n\r an d 

Let I > be an integer and let K > 0, 7 > be fixed constants. 
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We assume the stochastic parabolicity condition. 

Assumption 5.1. There is a constant A > such that for all n > 1, dP x dt x dx almost all (to, t, x) g 
f2 x Ht we have 

((#' - \K^n )z l z J > X\z\ 2 for all z = (z\ z d ) <E R d . 

In the case when A > we will use the the following conditions. 

Assumption 5.2. The coefficients ajf , bjf, cjf and their derivatives in x up to order Z V 1 arc bounded 
in magnitude by K for all i,j = l,...,d, k = l,...,di, p ~ 1, and n > 1. The coefficients a^, 
a„, b^, c£ and their derivatives in x up to order I are bounded in magnitude by K for all i — 1, d, 
k = 1, . . . , di , p = 1 , . . . , di and n > 1 . 

Assumption 5.3. We have |w„o| ; = 0(n -7 ), 



/ T |^(t)|?d||^||(f) = 0(n- 27 ), £ H^II(T) = o(lnn). 
J ° p=l 

Let u n be a generalised solution of ()5.1I) - (|5.2[) in the sense of Definition 13.11 such that u n is an 
iJ'-valued weakly continuous process, u n {t) e H l+1 for P x di-almost every (w,t) G O x [0, T], and 
almost surely 



T 

\u n (t)\f +1 dt < oo. 
Then for n-)oowe have the following result. 

Theorem 5.1. Let Assumvtions \5. 6 A I5.ffl and \5.1\ with A > hold. Then 

(5.4) sup|w„(t)| 2 + / \u n (t)\f +1 dt = 0(n~ 2K ) a.s. for k < 7. 

t<T Jo 

Proof. By the definition of the generalised solution 

(u n (t),cp) = (u n0 ,<p) 

- (a^D i u n (s),D j ip) + ((ai - (fl 3 < 3 ))A%(s) + a n u n (s) + f n (s),cp)] ds 
\M k u n ( S )+g k n (s),tp)dW k (s) + [ (Wu n (s) + K(s),Lp)dBZ(s) 



for all tp G C^°(R d ). By Ito's formula 

M*)lo = l«nolo+ / Zn(s)ds+ I J«(s)dW k (s)+ I IC p n (s)dBP(s), 



with 

Z n = -2(d£? DiU n , DjU n ) + 2((a l n - 0^-)A«n + UnUn + fn, «n) 

+ (b ik D t u n + b k u„ + g k , V k D 3 u n + b k u„ + g k ), 
J k = 2(M k u n + g k , un), K.P n = 2(M£u n + h?, u n ), 
where := DjO^. By Assumption 15.11 

d 

-2(e#Au n , D jUn ) + (b^D iUn ,b^D jUn ) < -2A^ \D q u n \ 2 . 

i=i 

Hence by standard estimates and Lemma 13.41 (i), 

In < -X\u n \l + C(\u n \ 2 + lUll, + \g n \ 2 ), |/C£| < C(\u n \ 2 + K] 2 ), 

\Jn\ 2 <c(K| 4 + | ff *| 2 K| 2 ), 
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with a constant C = C(K, A, d, di). Consequently, almost surely 

KW| 2 + a/ \u n \lds < \u n0 \ 2 + f \u n \ 2 dQ n 



(5.5) + / J k dW k + C / {\f n \\ + \g n \ 2 ) ds + C K\ 2 d\\B?\\ 

Jo Jo Jo 

for all t e [0,T] and n > 1, where Q n (s) = C (s + Y? P =i ll B nll( s ))- B Y Assumption O we have 
Q n (T) = (lnn), K | 2 + C \f n \\ds + C |<(s)| 2 d||fl£||(s) = 0(rr 2 ^) 



almost surely. Notice also that for 

(5.6) m„0) := / J-„ fe d^ fe ( S ) 

Jo 

we have 

di 

d{m n ) = \Jn\ 2 dt < Cd^u^t)] 4 + ln \g n \ 2 \u n (t)\ 2 ) dQ n , 

k=l 

where j n (t) = dt/dQ n (t). Due to Assumption 15.31 

/ ln\g n \ 2 dQ n = / \g n | 2 ds = 0(n~ 21 ) almost surely. 
Jo Jo 

Hence applying Lemma 13.91 with 

y n (t) := \u n \ 2 + X \u n \j ds, 
Jo 

q n (t) := \u n0 \ 2 + C f (\fnti + \9n\ 2 )ds + C f \K\ 2 d\\BP\\, 
Jo Jo 
and with m n defined in (|5.6[) . from (|5.5|) we get (|5.4p for I = 0. 

Assume now that I > 1 and let a be a multi-index such that 1 < \a\ < I. Then a = j3 + 7 for some 
multi-index 7 of length 1, and by definition of the generalised solution we get 

(D a u n (t), i p) = (D a u n0 ,<p) 

- f [(D a a^D i u n ,D ji p) + (A*{(< - o^-)A«n + a n u + /„}, L>»] ds 
Jo 

+ f {D a M k u n + D a g k ^)dW k {s) + f (D a AfP Un + D a h n ,^) dB"{a). 
Jo Jo 
Hence by Ito's formula 

\D a u n {t)\ 2 = \D a u nXS \l+ f XZds+ [ fC%*dB>> + m%(t), 

Jo Jo 

with 

<(*) = / ^n" ^ fc , = 2{D a M k u n + D a g k ,D a u n ), 

Jo 

1% = -2(D a a%D iUn , D 3 D a u n ) - 2(A 5 {(4 - <,-)A«n + a„w + /„}, D a D^u n ) 
+ (D a {bl k D lUn + b k u n +g k },D a {bi k D 3 u n + b k b k u n +g k }), 
K pa = 2(D a AfPu n + D a h n ,D a u n ). 
Due to Assumptions I5.ll and 15.21 we get 

-2{D a a^D iUn ,D a D jUn ) + (D a b i J?DiU n , D a bi^DjU n ) 
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< -X^\D a D lUn \ 2 + C\u. 



with a constant C = C(K, d, d\,l). Hence by standard estimates 

ln<-\i2 \D a D % u n \ 2 + C(\u n \f + \f n \U + \g n \f), 

i=l 

and by Lemma 13.41 (i), 

|*T I < C(\u n \* + |<|f), UM 2 < C(\u n \f + \g k J 2 \u n \ 2 ), 
with a constant C = C(K, A, d, d\, I). Consequently, almost surely 

\D a u n {t)\l + - / V \D a D lUn \ 2 ds < \D a u n0 \ 2 +C / \u n \fdV n 
* Jo l=1 Jo 

(5.7) +C l\\fn\ti + \9n\i)ds + C f \K\ 2 d\\BP n \\+ml{t) 

Jo Jo 

for every a, such that 1 < \a\ < I. By virtue of (|5.5p this inequality holds also for |a| ~ 0. Thus 

summing up inequality (|5.7[) over all multi- indices a with \a\ < I we get almost surely 



t r t 



Vn{t) := K(t)\f + ^ I \u„\f +1 ds < I \u n \fdQ n + M n {t) + q n (t) 



o 



(5.8) < f y n dQ n + M n (t)+q n (t) 

Jo 

for all t G [0, T] and n > 1, with 

M n (t) = ]T <(t), 

\a\<l. 

q n (t) = \u nQ \ 2 + C [ (\f n \U + \9n\l)d8 + C flKlf d\\BP\\(s), 

Jo Jo 
and a constant C = C(K 7 A, d, d\,l). Clearly, 

di 

d{m%) = Un a \ 2 dt < C(\u n \f + ln \g n \ 2 \u n \ 2 ) dQ n , 
fe=i 

so 

d(M n ) < C(\u n \f + r y n \gn\f\u n \f)dQ n < C{y 2 + ^ n \g n \ 2 y n ) dQ n 
with constants C = C(K, A, d, di,l). Hence we finish the proof of the lemma by using Assumption 
and applying Lemma \SM □ 



In the degenerate case, i.e., when A = in Assumption 15 . 1 \ we need to replace Assumptions l5~2 
and 15.31 by somewhat stronger assumptions in order to have the conclusion of the previous lemma. 



Assumption 5.4. The coefficients ajf and their derivatives in x up to order I V 2, the coefficients b lk , 
a l n , c^f and their derivatives in x up to order /VI, and the coefficients a„, b k , c£ and their derivatives 
in x up to order I are V x B(M. d ) -measurable real functions, in magnitude bounded by K for all 
i,j = 1, d, k = 1, d\, p = f , di and n > 1. 

Assumption 5.5. We have |w n o|; = 0(n~ 7 ), 

f |/„| 2 ds = 0{n~^\ f \g n \ 2 +1 ds = O(n^), 
Jo Jo 

f \h n {t)\ 2 i dW\\{t) = 0{n- 2 ^), £ \m\{T) = o(lnn). 

JO ! 



P =l 
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Theorem 5.2. Let Assumptions \5.J\ 15.51 and 1 5. II (with \ = Q) hold. Let u„ be an H l+1 -valued weakly 
continuous generalized solution of (|5.ip - (|5.2j) . Then 

(5.9) sup \u n (t)\i — 0(n~ K ) a.s. for each k < 7. 

t<T 

Proof. Let a be a multi-index such that \a\ < I. Then, as in the proof of the previous theorem, by 
Ito's formula we have 



(5.10) 
with 



\D a u n (t)\ 2 = \D a u n0 \ 2 + f l%ds+ [ K.P n a dB" + ml{t), 

Jo Jo 

f J ka dW k , J ka = 2(D a M k n u n + D a g k , D a u n ) 
Jo 



<(t) 



I" = -2{D a ^D iUn , D 3 D a u n ) - 2(D"{(a* l - a%)D iU „ + a n u + /„}, D a D~<u n ) 

+(D a b%D iUn + D a b k u n + D a g k , D a W k D jUn + D a b k u n + D a g k ), 

K pa = 2(D a AfP Un + D a hP n , D a u n ), 

where f3 and 7 are multi-indices such that a = (3 + 7 and I7 = 1 if \a\ > 1. By [1 51 Lemma 2.1] and 
[HJ Remark 2.1], 

Z£ <C(| U „|2 + |/„| 2 + | 5n |2 +i); 

and by Lemma EOl 

|/cri<c(K|f + K|f) 

with a constant C = C(K, d, d%,l). Thus from (|5.10[) we get 

|£> Q u n (i)| 2 < \D a u n0 \ 2 + f \u n \jdQn 



(5.11) +C / (|/n|? + |ffn|?+l)«k + C / |^|?d||B^||+m°(t) 



for \a\ < I, where Q n (s) = C ys + J2 P =i ll^nll( s )J- Summing up these inequalities over a, \a\ < I, we 
obtain 

(5.12) y n (t) := \u n (t)\ 2 < f \u n \'f dQ n + M n (t) + q n {t) 

Jo 

for all t € [0, T] and n > 1, where 

M„(t) = 2 

|a|<i 

g«(*)=|«n0|? + C [\\fnfi + \gn\l +1 )ds + C [ 

Jo Jo 
and C = C(iif, d,d\,l) is a constant. Hence the rest of the proof is the same as that in the proof of 
the previous theorem. □ 

6. Proof of the main theorems 
To prove our main results we look for processes r n such that 
(6.1) sup \r n (t)\ m = 0(n~ K ) a.s. for each k < 7, 

t<T 

and v n := u — u n — r n solves a suitable Cauchy problem of the type (|5.ip - (|5.2[) . satisfying the conditions 
of Theorem 15.11 or Theorem 15.21 so that we could get for each k < 7 

sup \v n \ m = 0(n~ K ) a.s. for each k < 7. 

t<T 
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6.1. Proof of Theorem 12.21 We will carry out the strategy above in several steps, formulated as 
lemmas below. By a well-known result, see, e.g., |16j . u is an _£T m+1 -valued strongly continuous 
process, and 

(6.2) sup|w|^ I+1 + / Mm+2 dt < oo almost surely. 

t<T Jo 

Moreover, we can apply Theorem 14.11 with / = m + 3 to get 

(6.3) sup |w n |m+3 + / l M nlm+4 dt = 0(n £ ) a.s. for any e > 0. 
t<T Jo 

Notice that u — u n satisfies 

d(u - u n ) ={L n (u - u„) + In} dt + {M k (u - u n ) + g k } dW k 

(6.4) + \{M k M k u + M k g k } dt + (M k u n + g k ) d(W k - W k ), 
with 

In := / - /„ + {L- L n )u, g k := g k - g k + (M k - M k )u. 
Notice also that due to (|6.2j) and Assumption 12.51 we have 

(6.5) f T (\In\ 2 m -i + \g n \ 2 m )dt = 0(n-^). 



Next we rewrite equation (|6.4p as an equation for 

w n = u-u n - z n , where z n = {M k u n + g k )(W k -W k ). 
Note that by (|6.3p and by our assumptions we have for each k < 7 

(6.6) sup |z n (i)lm + / \ z n{t)\ 2 m+ \dt = 0{n 2k ) almost surely. 
t<T Jo 

Set C n := L n + \M k M k and recall the definition of S kl in Remark O 
Lemma 6.1. The process w n solves 

dw n =(C n w n + F n ) dt + {M k w n + G k ) dW k 

(6.7) -M k (A4u n +g l n )dS kl , 
where G k = g k + M k z n and 

F n =I n + \{M k M k - M k M k )u + \(M k g k - M k g k ) 
- {M k (L n u n + f„))(W k - W k ) + C n z n . 
Proof. By using Ito's formula one can easily verify that 

dz n =M k (L n u„ + f n ){W k - W k ) dt + M k (M l n u n + g l n )(W k - W k ) dW l n 

(6.8) +(M k u n + g k )d(W k ~W k ). 
Hence 

dw n ={L n (u - ««) + /„ + \M h M k u + \M k g k 
-AI k (L n u n + f n )(W k -W k )}dt 

+ {M k (u - u n ) + g k } dW k ~ M k (M l n u n + g l n )(W k - W k ) dW l n 
={C n (u - u n ) + /„ + \{M k M k - M k M k )u + \{M k g k - M k g k )} dt 

- {M k L n u n + f n )(W k -W k )) dt 

+ (M k w n + G k n ) dW k - M k (M l n u n + g l n ) dS kl 
=(C n w n + F n ) dt + (M k v n + G k ) dW k - M k (M l n u n + g l n ) dS kl , 
The lemma is proved. □ 
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It is easy to show that due to (|S3|) . (jO]l , (j6~2"j) . Assumptions [231 1231 1231 and[lJ](«) we have 

(6.9) / (|FX-i + |GX)^ = 0(n- 2K ) (a.s.) for each K < 7 . 
Jo 

We rewrite the last term in the right-hand side of (|6.7[) into symmetric and antisymmetric parts 
as follows: 

M k {M l n u n + 0* n ) dS*« = \(M k M l n + M L n M k )u n dS kL 

+\{M k M l n - M l n M k )u n dS kl + \M k J n d(S kl + S lk ) + \{M l n g k n - M k g l n ) dS l n k 

= \M k (M l n u n + g l n ) d(S kl + S lk ) + \ {[M l n ,M k ]u n + M h J n - M l n g k ) dS kl , 
where [A, B] = BA — AB. Thus using Remark |2. II we get 

M k (M l n u n + g l n ) dS kl = -\M k {M l n u n + g l n ) dq kl 

+ \M k {M l n u n + g l n ) d(R kl + R lk ) + \ ([M l n ,M k ]u n + M k J n - M l n g k ) dS kl 

= -\M k {M l n u n + g l n ) dq kl + \ {M l n o M k u n + M k g l n + M l n g k ) dR kl 

(6.10) + \ ( [M l n , M k ] u n + M k g l n - M l n g k ) dS kl , 

where we use the notation A o B = BA + AB for linear operators A and B. Thus equation (|6.7[) can 
be rewritten as follows. 

Lemma 6.2. The process w n solves 

dw n = (C n w n + F n ) dt + a[M l n , M k }w n + H kl ) dS kl + (M k w n + G k ) dW k 



kl 
n ■ 



(6.11) + \M k {M l n u n + g l n ) dq kl + \ ([M k , M l ]u + M l g k - M k g l ) dS, 
where 

H kl =±[M< , M k ](M r n u n + g r n )(W r - W r n ) 

+ \{[Ml M l n ] - [M k , M l ])u + \{M l n g k n - M l g k + M k g l - M k g l n ), 
G k n =G k - | (M k o M l n u n + M l n g k + M k g l n ) (W l - W l n ) 
Proof. Plugging (|6.10p into (|6.7[) we get 

dw n ={C n w n + F n ) dt + {M k w n + G k ) dW k 

+ \M k {M l n u n + g l n ) dq kl - \{[M l n , M k ]u n + M k J n - M l n g k } dS kl 
=(C n w n + F n ) dt + (M k w n + G k n ) dW k 

+ \M k {M l n u n + g l n ) dq kl + {\[M l n , M k ]w n + M l n g k - M k g l n ) dS kl 
- l[MlM k ]udS kl + \[Ml M k ]{NV n u n + g r n )(W r - W r n ) dS kl 
={C n w n + F n ) dt + (±{M l n ,M k }w n + H kl ) dS kl + (M k w n + G k n ) dW k 
+ \M k (M l n u n + g l n ) dq kl + ±{[M fe , M l ]u + M l g k - M k g l }dS kl . 

In the same way as (|6.9[) is proved, we can easily get 

(6.12) f \G n \l„ 1 dt = 0(n- 2K ), su P \H kl (t)\ 2 m = 0(n- 2 *) for k < 7 

JO t<T 

almost surely for all k, I = 1, d\. Finally we rewrite cis cLn cqiicttion for v n — w n — v n , where 

r„ = ±M k (Mlu n + g l n )q kl + \{[M k ,M l ]u + M k g l - M l g k }S kl . 
Notice that by (|6.3[) and Remark [2~T1 r n satisfies (|6.6p in place of z n . 



□ 
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Lemma 6.3. The process v n solves 

dv n ={C n v n + F n )dt + (|[Af* M l n ]v n + H kl )dS k ? + (M%v n + G k n ) dW k 

(6.13) - ±M„ fc M< (M>„ + g r n )(W k - W k ) dB l n r , 
where B l £ is as in (|2.3[) and 

F n =F n + C n r n - \M k n M l n (L n u n + f n )q kl - ±[M fc , M l ]{Cu + \M r g r + f)S kl , 
G k =G n + M k r n - \\M\ M\M k u + g k )S r n l , 
H kl =H kl + ±[M l n ,M k ]r n . 
Proof. Indeed, 

dv n =(C n v n + F n )dt + {\[M l n , M k ]v n + H kl ) dS kl + {M k v n + G k ) dW k 
+ C n r n dt + M k r n dW k 

- \M k M l n {L n u n + f n )q k ! dt - \M k M l n (M r n u n + g r n )q kl dW r n 

- i[M* M l n ](Cu + \M r g r + f)S k < dt - §[M*, M l n ](M r u + g r )S kl dW r 
= (Cv n + F n ) dt + {\[M l n , M>„ + H kl ) dS kl + (M k v n + G k ) dW k 

- \M k M l n {M r n u n + g r n ){W k - W k ) dB l n r . 

Making use of (|6.9p . (|6.12[) and (|2.5[) , we easily obtain that for k < 7 

(6.14) Al^X-i + \G k n L) dt = 0(n~ 2K ), snp \H?(t)& = 0(n~^) 

JO t<T 

almost surely for k, I = l,...,dx. Hence we finish the proof of the theorem by applying Theorem 15.11 
with I — m to equation (|6.13[) and using (|6.1[) for z n and r n . □ 

6.2. Proof of Theorem 12.41 We follow the proof of Theorem 12.21 with the necessary changes. By a 
well-known theorem on degenerate stochastic PDEs from [TS], u is an £f m+2 -valued weakly continuous 
process, and by Theorem 14.31 with I = m + 4 we have 

(6.15) sup = 0(n e ) a.s. for e > 0. 

t<T 

Clearly, u — u n satisfies equation (|6.4[) , and 

T 

2 j- \n I 2 am = n(-,-,- 2 ~f\ 



□ 



(6-16) / (\f n \i + \g n \i +1 )dt = 0(n-^). 

Jo 

Moreover, Lemmas 16. II 16.21 and 16.31 remain valid, and due to (|6.15[) . (|6.16[) and our assumptions, we 
have for each n < 7 

(6.17) [ T (\F n \l + \G n \ 2 m+1 )dt = 0(n- 2K ), 



(6.18) [ T \G n \ 2 m+1 dt = 0(n~ 2K ), sup|^(t)| 2 m = 0(n- 2K ), 

JO t<T 

(6.19) [ T \F n \l + |G„| 2 l+1 dt = 0(n- 2K ), sup \H kl (t)\ 2 m = 0^) 

Jo t<T 

almost surely for k, I = l,...,d\. Note also that r n and z n satisfy (|6.ip . Hence we finish the proof of 
the theorem by applying Theorem 15.21 with I = m to equation (|6 . 1 3[) . □ 
Now we prove our main results in the case when the coefficients and the free terms depend on t. 
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6.3. Proof of Theorem 12.51 We follow the proof of Theorem 12.21 with the necessary changes. As 
before, (|6.2[) and (|6.3[) hold. Now u — u n satisfies equation (|6.4[) with an additional term, 

-J2{M k ^u + g k ^)dt, 



2 

fc=i 



added to the right-hand side of (|6.4j) . Thus to get the analogue of Lemma ICTTl we set 
i L i rf i 

^" = o E M n k) » A, = + JV„ = L„ + - (iW n fc M„ fc + £ M* fc > 



2 

fc=i fc=i 
M fe(0 = + ft*(O j m m = b lk{l) Di + b k(l ^ 

for fc = 1, di, Z = 0, c?i and n > 1. Then for 

(6.20) w n = u-u n -z„, z n = {M k u n +g k )(W k -W k ) 
the corresponding lemma reads as follows. 

Lemma 6.4. The process w n solves 

dw n =(C n w n + F n ) dt + (M k w n + G k n ) dW k 

M k {M l n u n + g l n ) dS kl - (M k ^u n + g k ^)dS kl , 

where 

K =F n + \f^{M k ^ - M*W)« + \ f> fc « - 

k=l k=l 

(6.21) - (M fc «V + g m )(W k - W k )+N n z n , 
and F n and G n are defined in Lemma \6.1\ 

Proof. We need only notice that for z n equation (|6.8p holds with a new term, 

(M k ^u n + g k( - a] )(W k - W k ) dt + (M k ^u n + g k{l) )(W k - W k ) dW^l, 
added to its right-hand side. □ 

Hence we get the following modification of Lemma 16.21 
Lemma 6.5. The process w n solves 

dw n = (C n w n + F n ) dt + [\{[M l n ,M k ] + M k ^)w n + H kl ) dS kl 
+ (M k w n + G k ) dW k + \M k (M l n u n + g l n ) dq kl 

(6.22) + | (([M fc , M l ] - M k{l) )u + M l g k - M k g l - g k ^ dS kl , 
where 

H kl =H kl + ±M*W(M> n + g r n )(W r - W r n ) 

(6.23) + \{M k ^ - M k{l) )u + i(/« - gW), 
and H k and G k are defined in Lemma \6.SX 

Now we rewrite equation (|6.22[) as an equation for v n := w n — f n , where 

(6.24) Fn=r n -h(M k ®v + g h «>)S% 



2 

To this end we set 



1 M k (M l n u n + g l n )qn + h(([M k ,M l ] - M k ^)u + M l g k - M k g l - g k{l) )S kl . 



~f = f + ±M k g k + \Y J 9 k{k \ 



fc=i 
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and notice that 

dM k (M l n u n + g l n ) =M k M l n {L n u n + f n ) dt + M k M l n {M n u n + gj) dW£ 
+ T kl ° dt + T klj dWi, 

where 

t mo = (M fc(o) M J + M k M l ^)u n + M k ^g l n + M k gf\ 
T?i = {M k ^M l n + M k M^)u n + M k ^g l n + M k g%\ 

Similarly, 

d[M k ,M l ]u =[M k , M l }(Cu + f + iMV) dt + [M k , M l ](M j + g 3 ) dW 1 
+ P m dt + P klj dW j , 

d{-M k{l) u + M l g k - M k g l - g k{l) ) = U m dt + U kl3 dW J , 
where C = L+\M k M k , 

di 

p kio = [M k ,M l ^]u + [M k[Q \M l ]u + Yy Mk(3 \ MlU) ]u 

3=1 

+ ([M k ,M l{ rt] + [M kU \M l ])(M j u + g 3 ) 
di 

+ \ Y^[M k , M l ](M j ^u + g j{j '), 
3=1 

p kij = ([ M fc jM 'b)] + [M k W,M l ])u, 

jjklO = _ M k(tQ) u _ M Hl) (£„ + /) _ M Hlj) ( M 3 U + g 3) 

+ M l ^g k +M l g k ^+M l ^g k ^ 
_ M fe( °V - AfV (0) - M k &JW> _ 
IjHj = _ M m) u _ M k ^{M j u + g r ) + M l ^g k + M l g k ^ 
-M k(j) g l -MV 0) 



Let F n , G k and be defined now as in Lemma IB3I but with F n and G k replaced there by F n and 
G k in (|6T2Tj) and (j6~2U)) . respectively. 

Thus we have the following modification of Lemma 16.31 

Lemma 6.6. The process v n = w n — f n solves 

dv n ={C n v n + F n ) dt + M l n ] + M k ^)v n + H kl ) dS kl 

(6.25) + (M k v n + G k ) dW k - \T kll {W k - W k ) dB%, 

where 

F n =F n + N n r n - \C n (M k ^u + g k{l] )S kl 

- l'pfcJO kl _l/p/c/0 _j_ Tj-klQ\qkl 

~ 2 ~ 2 V n ' n )&n ' 

Gj; =G„ - |M^(M J '^u + £p' (i) )S# - HP 111 ' + U jlk )S% 
H kl =H kl + |M fc «r„ - £([Af£, M *] + M kl ){M k ^u + g k{l) )S kl . 

We can verify that (|6. 14[) holds with F n , G k and H kl in place of F„, G k and -ff fcz , respectively. We 
can also see that z n and f n satisfy (|6.6p . Hence we finish the proof by applying Theorem 15.11 with 
I = m to equation (|6.25p . 
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6.4. Proof of Theorem 12.61 We get Lemma \6. 61 in the same way as Lemma T6.3I is proved, and we 
can also see that 

[ T (\F n \l + \G k n f m+1 )dt = 0{n~ 2K ), sup \H?(t)\ 2 m = 0(n" 2 «) 

JO t<T 

for each n < 7, almost surely for k, I = 1, d\, where F n , G„ and are defined in Lemma RHfl We 
can also verify that for z n and f n , defined in (|6.20[) and (|6.24j) . we have 

sup \z n (t)\ m + sup |f„(t)| m = 0(rt~ K ) for each k < 7. 

Hence we obtain the theorem by applying Theorem 15 . 2 1 with I — m to equation (|6.25p . 
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